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Abstract
A new model to describe the dynamics of particles undergoing diffusion in general
relativity is proposed. The evolution of the particle system is described by a Fokker-
Planck equation without friction on the tangent bundle of spacetime. It is shown
that the energy-momentum tensor for this matter model is not divergence-free, which
makes it inconsistent to couple the Fokker-Planck equation to the Einstein equations.
This problem can be solved by postulating the existence of additional matter fields in
spacetime or by modifying the Einstein equations. The case of a cosmological scalar
field term added to the left hand side of the Einstein equations is studied in some details.
For the simplest cosmological model, namely the flat Robertson-Walker spacetime, it is
shown that, depending on the initial value of the cosmological scalar field, which can be
identified with the present observed value of the cosmological constant, either unlimited
expansion or the formation of a singularity in finite time will occur in the future. Future
collapse into a singularity also takes place for a suitable small but positive present value
of the cosmological constant, in contrast to the standard diffusion-free scenario.
1 Introduction
Diffusion is one of the most fundamental macroscopic forces in nature. It is the driv-
ing mechanism of many dynamical processes in physics, such as heat conduction and
Brownian motion, and it is often invoked to describe transport phenomena in biology
or even in social sciences. Given the wide variety of phenomena that display diffusive
behavior, it is somehow surprising that a consistent theory of diffusion in general rela-
tivity is at present still missing. Besides the evident theoretical physics motivation for
∗calogero@ugr.es
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developing such a theory, diffusion may also play an important role in the large scale
evolution of matter in the universe.
The relativistic theory of diffusion processes has received considerable attention in
recent years1. Most works so far have been concerned with the justification and the
analysis of the stochastic differential equations that describe diffusion at the micro-
scopic level. The theory started with the pioneering work of Dudley [11], who showed
that Lorentz invariant Markov processes do not exist in Minkowski space, while only
one such process with continuous paths (Brownian motion) can be defined on the tan-
gent bundle (the relativistic phase space). Dudley’s process was generalized to curved
manifolds in [17] and studied on some exact manifold solutions of the Einstein equa-
tions of general relativity in [4, 5, 18, 20, 22]. These works however are only concerned
with describing the diffusion of particles on a given background spacetime, and no at-
tempt is made to relate the curvature of spacetime with the dynamics of the matter
undergoing diffusion.
A different approach to diffusion is based on the kinetic Fokker-Planck equation,
which is the partial differential equation satisfied by the (one-particle) distribution
function f . Although the Fokker-Planck equation is formally equivalent (via Itoˆ’s
formula) to a system of stochastic differential equations, it is often easier to justify the
evolution of the function f than the dynamics of the microscopic stochastic process
(for instance by an approximation procedure starting from a master or Boltzmann
equation [24, 27]). This point of view was taken in [1], where a relativistic Fokker-
Planck equation previously derived in [12] by stochastic calculus methods, was re-
discovered as the most natural second order transport-diffusive equation that is Lorentz
invariant in the absence of friction2. Moreover, the associated stochastic differential
equations, when expressed in terms of the proper time, reduce to Dudley’s process [21].
When considering diffusion in general relativity, the need to rely on the macroscopic
continuum description provided by the Fokker-Planck equation becomes transparent.
In general relativity, in fact, the geometry of spacetime is not given in advance but it
is determined by the Einstein equations,
Rµν − 1
2
gµνR = Tµν , (8piG = c = 1), (1)
where the matter fields enter through the energy-momentum tensor Tµν . In kinetic
theory the energy-momentum tensor is given by a suitable integral of the particle
distribution f , which in the presence of diffusion is the solution of the Fokker-Planck
equation. In its turn, the metric, i.e., the solution of the Einstein equations, appears
in the Fokker-Planck equation. Thus the consistent description of matter undergoing
diffusion in general relativity requires to study the coupled system of Einstein and
Fokker-Planck equations.
However it is not difficult to see that a matter distribution undergoing diffusion
cannot appear as the only source in the Einstein equations (1). The reason is that under
1See [1], [3]–[6], [9]–[14], [17]–[22]. The review [13] contains more references and an historical introduction
to the relativistic theory of diffusion.
2There exist other models in the literature that are named “relativistic Fokker-Planck equations” [9, 12],
but none of them is Lorentz invariant in the absence of friction.
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the action of the diffusion forces the kinetic energy of the particles is not preserved,
and accordingly the energy-momentum tensor T µν does not fulfill the compatibility
condition ∇µT µν = 0 required by the Bianchi identities and the Einstein equations. A
possible solution to this problem is to assume the existence of additional matter fields
in spacetime which exchange energy with the particles undergoing diffusion. Another
solution, which is studied in some details in the present paper, is to add a cosmological
scalar field term in the left hand side of (1), leading to the following modification of
Einstein’s equations
Rµν − 1
2
gµνR+ φgµν = Tµν . (2)
The evolution of the scalar field φ is determined by the particle distribution function
f through the equation ∇νφ = ∇µTµν , which follows by (2) and the Bianchi identity
∇µ(Rµν − 12gµνR) = 0. In fact, it will be shown that the energy-momentum tensor
associated to a solution of the Fokker-Planck equation satisfies
∇µT µν = 3σJν ,
where σ > 0 is the diffusion constant and Jµ is the current density of the matter. Thus
the dynamics of the scalar field φ is ruled by the equation
∇µφ = 3σJµ. (3)
In vacuum (i.e., T µν = Jµ = 0), or in the absence of diffusion (σ = 0), φ is constant
throughout spacetime and the evolution equations (2) reduce to the Einstein equations
with cosmological constant. When diffusion is present, we get a “variable cosmological
constant” model. Note however that in contrast to “the variable cosmological constant”
theories considered in the literature3, in the present situation the dynamics of the
cosmological term is not prescribed a priori, but it is determined by the matter fields
through the equation (3).
The general relativistic theory of diffusion briefly outlined above is developed in
more details in sections 3-4 and it is applied in section 5 to the cosmological model
with the simplest geometry, namely the flat Robertson-Walker spacetime. This model
is simple enough to avoid serious mathematical difficulties and at the same time it
is sufficient to derive some interesting physical implications of the new theory. In
particular, it will be shown that the model predicts future collapse of the universe into
a singularity in finite time even for positive (but sufficiently small) initial values φ0
of the cosmological scalar field. Since φ0 can be identified with the current observed
value of the cosmological constant Λ, this result is in contrast with the conclusions
of the standard (diffusion-free) cosmological model with Λ > 0, which predicts an
unlimited phase of accelerated expansion of the universe in the future. The reason for
the formation of a singularity in the presence of diffusion is that the cosmological scalar
field φ, although initially positive, may become negative at later times, after which the
cosmological model behaves qualitatively like a solution of the Einstein equations with
negative cosmological constant.
Before going to the main topic of the paper, I shall review in the next section some
aspects of the kinetic theory of diffusion in the non-relativistic and special relativistic
case.
3See [28] for a review.
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2 Kinetic diffusion on flat spacetimes
Let f(t, x, p) ≥ 0 denote the distribution function in phase space of an ensemble of unit
mass particles. The integral of f(t, x, p) in a region V ×U of phase space is the number
of particles which, at the time t ≥ 0, have position x ∈ V and momentum p ∈ U . The
total number of particles in the system is then
n(t) =
∫
R3
∫
R3
f(t, x, p)dpdx.
The kinetic evolution of the particles system is governed by a partial differential equa-
tion on f ; the particular form of this equation depends on the interaction among the
particles. The most basic example is the non-relativistic free-transport equation:
∂tf + p · ∇xf = 0. (4)
The free-transport equation describes the kinetic evolution of free-moving particles. If
the particles are interacting either by internal or external forces, a new term is to be
added in the right hand side of (4). For instance
∂tf + p · ∇xf = σ∆pf, (5)
is the kinetic Fokker-Planck (or Kramers) equation in the absence of friction [27].
Here σ > 0 is the diffusion constant and ∆p denotes the Laplace operator in the p
variable. The new term ∆pf is the most common and basic way to model diffusion in
the momentum variable. The main physical assumption behind equation (5) is that
the particles are moving in a background fluid in thermal equilibrium (thermal bath).
Assuming that the molecules of the fluid are much lighter than the particles, and that
the particles make up a sufficiently dilute system, the total force acting on the particles
can be macroscopically approximated by two dominant contributions: diffusion, which
is due to thermal fluctuations and is therefore associated—at the microscopic level—to
random collisions with the molecules of the fluid, and friction, which takes into account
deterministic grazing collisions among the particles. In this paper the contribution due
to friction is neglected.
Note that n = const., i.e., the total number of particles is conserved. This is a
trivial consequence of the divergence theorem:
dn
dt
=
∫
R3
∫
R3
∂tfdpdx =
∫
R3
∫
R3
(−p · ∇xf + σ∆pf)dpdx = 0.
Furthermore the average kinetic energy, defined as
Ekin(t) = 1
2
∫
R3
|p|2fdpdx,
increases linearly in time4, since
d
dt
Ekin(t) = 3σn. (6)
4In particular, the particle system is unable to relax to an equilibrium state under the action of the
diffusion forces alone. To this purpose, a friction term is to be added to the right hand side of (5), see [27].
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The relativistic, Lorentz invariant generalization of (5) is5:
pµ∂xµf = σ∆
(h)
p f, (7)
where pµ—the particles 4-momentum—satisfies the mass shell condition
ηµνp
µpµ = −1,
where η is the Minkowski metric. The previous equation can be used to express the
time component of the 4-momentum in terms of its spatial components:
p0 =
√
1 + |p|2, p = (p1, p2, p3).
The operator in the left hand side of (7) is the relativistic free-transport operator.
In the right hand side, ∆
(h)
p denotes the Laplace-Beltrami operator associated to the
hyperbolic metric h:
hij = δij − pˆipˆj ,
where pˆ = p/p0 is the relativistic velocity. Note that h is the Riemannian metric in-
duced by the Minkowski metric over the hyperboloid p0 =
√
1 + |p|2. For a justification
of (7) see [1], where the more general case with friction is discussed. The explicit form
of ∆
(h)
p f is
∆(h)p f =
1√
deth
∂pi
(√
deth (h−1)ij∂pjf
)
=
1
p0
∂pi
(
δij + pipj
p0
∂pjf
)
,
where det h = 1 + |p|2, and (h−1)ij = δij + pipj is the inverse matrix of hij . It follows
that (7) can be written in the divergence form
∂tf + pˆ · ∇xf = σ∂pi
(
δij + pipj
p0
∂pjf
)
, (8)
by which it is clear that n = const. Moreover, defining the average kinetic energy of
the particles as
Ekin(t) =
∫
R3
√
1 + |p|2fdpdx,
it is easy to check that equation (6) holds in the relativistic case as well.
The relativistic current density vector and energy-momentum tensor are given by
Jµ(t, x) =
∫
R3
f(t, x, p) pµ
dp
p0
,
T µν(t, x) =
∫
R3
f(t, x, p) pµpν
dp
p0
,
5Throughout the paper, greek indexes run from 0 to 3, latin indexes from 1 to 3 and the Einstein
summation rule applies. Moreover, physical units are fixed such that 8piG = c = 1, where G is Newton’s
gravitational constant and c is the speed of light.
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independently of the equation satisfied by the distribution function f . A straightfor-
ward calculation using (8) leads to the identities
∂xµJ
µ = 0, ∂xµT
µν = 3σJν , (9)
which imply
∂xµ∂xνT
µν = 0. (10)
To conclude this section, let us comment on the fact that the particles kinetic energy
is not conserved in the models considered above. The physical explanation for this fact
is that, while the particles are colliding with the molecules of the surrounding fluid, the
change of energy of the fluid molecules is neglected in the diffusion approximation, since
the fluid is assumed to be in thermal equilibrium. If the dynamics of the coupled system
particles-fluid were considered, then the total energy would be conserved. However, as
shown in this section, it is possible to consider an approximation of the full dynamics
by looking at the evolution of the particle distribution f only and still end up with
a consistent equation for f , which is Galilean invariant in the non-relativistic case
(eq. (5)) and Lorentz invariant in the special relativistic case (eq. (7)). We shall see
that in general relativity this approximation is inconsistent.
3 Kinetic diffusion on curved spacetimes
Suppose now that the background Minkowski spacetime is replaced by a general Lorentzian,
time-oriented manifold (M,g). For the moment the metric g is assumed to be given.
Let x denote an arbitrary point of M and xµ a (local) system of coordinates on an
open set U ⊂ M , x ∈ U , with x0 ≡ t being timelike. The vectors ∂xµ form a basis of
the tangent space TxM and the components of p ∈ TxM in this basis will be denoted
by pµ. (xµ, pν) provides a system of coordinates on TU ⊂ TM , where TM denotes the
tangent bundle of M . The (future) mass-shell is the 7-dimensional submanifold of the
tangent bundle defined as
ΠM = {(x, p) ∈ TM : g(x)(p, p) = −1, p future directed}.
On the subset ΠU = {(x, p) ∈ ΠM : x ∈ U} of the mass-shell, the condition
g(x)(p, p) = −1 is equivalent to gµνpµpν = −1 (where gµν = gµν(xα)), which can
be used to express p0 in terms of p1, p2, p3, precisely:
p0 = − 1
g00
[
g0jp
j +
√
(g0jpj)2 − g00(1 + gijpipj)
]
,
where the choice of the positive root reflects the condition that p is future directed.
Differentiating the mass shell relation gµνp
µpν = −1 one obtains the useful relations
∂xµp
0 = −p
αpβ
p0
Γβµα, ∂pjp
0 = −pj
p0
, (11)
which will be used below to derive some important identities. In the previous equations,
Γβµν denote the Christoffel symbols of g and the indexes are lowered and raised with
the matrix gµν and its inverse g
µν .
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Let L˜ denote the geodesic flow vector field on the tangent bundle. In the vector
fields basis (∂xµ , ∂pν ) it is given by
L˜ = pµ(∂xµ − Γνµαpα∂pν ).
The Liouville, or Vlasov, operator L is defined as the projection of L˜ on the mass shell.
Using (11) it is easy to derive the following local coordinates representation of L:
L = pµ(∂xµ − Γiµαpα∂pi).
The first fundamental change compared to the flat case is the definition of the “free-
transport operator”. It is now assumed, in agreement with the equivalence principle,
that in the absence of any interaction other than gravity, i.e., in free-falling motion, the
particles move along the geodesics of (M,g). So now the free-transport equation (4) is
replaced by the Vlasov equation:
Lf = 0, i.e., pµ∂xµf − Γiµνpµpν∂pif = 0, (12)
where f : ΠM → [0,∞) is the distribution function of particles, which is a smooth
function on the mass-shell. See [2, 15, 26] for an introduction to kinetic theory and the
Vlasov equation in general relativity. Physical systems which are supposed to be well-
modeled by the Vlasov equation include galaxies, in which stars play the role of the
particles, or even clusters of galaxies, where the galaxies themselves are identified with
the Vlasov particles [7]. Kinetic theory and the Vlasov equation also have important
applications in cosmology [8].
To transform (12) into a Fokker-Planck equation we need to add a diffusion operator
on the right hand side. Let ΠxM denote the fiber over x ∈ M of the mass-shell and
pix : ΠM → ΠxM the canonical projection onto it. The action of the diffusion operator
on f will be defined as a differential operator acting on f ◦ pix. The quadratic form
g(x) induces a Riemannian metric h(x) on ΠxM . The components of h are functions
of the coordinates (xµ, pi), which, by (11), are given by
hij = gij − pi
p0
g0j − pj
p0
g0i + g00
pipj
(p0)2
. (13)
In analogy with the diffusion operator on the mass-shell of Minkowski space defined in
section 2, we now define the action of the diffusion operator on f by the formula
Dpf = ∆(h)p (f ◦ pix),
where ∆
(h)
p is the Laplace-Beltrami operator of the Riemannian metric h on ΠxM . The
subscript p reminds that the operator Dp acts on the tangent space variables only. The
expression of Dp in local coordinates is given as before by
Dpf = 1√
deth
∂pi
(√
deth (h−1)ij∂pjf
)
,
where now hij = hij(x
α, pk) is the matrix (13). The generalization of (7) on the curved
spacetime (M,g) is then given by
pµ∂xµf − Γiµνpµpν∂pif = σDpf. (14)
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The current density Jµ and the energy-momentum tensor T µν are defined as
Jµ(x) =
√
|g|
∫
ΠxU
f
pµ
−p0dp
123, (15)
T µν(x) =
√
|g|
∫
ΠxU
f
pµpν
−p0 dp
123. (16)
In the previous definitions, |g| = |det g| and dp123 denotes the 1-form dp1 ∧ dp2 ∧ dp3.
Since −√|g|/p0 = √deth, T µν and Jν are, as they should be, integrals of f on the
mass-shell with respect to the invariant measure induced thereon. Note also that, by
the mass shell condition gµνp
µpν = −1,
TrgT = gµνT
µν ≤ 0. (17)
(Equality holds for particles with zero rest mass.) Moreover it is shown in [15] that
Jµ is a timelike vector field and that T µν verifies the dominant and strong energy
conditions.
Now denote by ∇ the Levi Civita connection of the metric g. The analogs of the
identities (9) hold:
∇µJµ = 0, (18)
∇µT µν = 3σJν . (19)
The easiest way to establish the previous identities at the arbitrary point x ∈ U is to
use a coordinates system x˙µ such that gµν = ηµν and ∂xαgµν = 0 at x. For instance,
for (19) we have
∇µT µν = (∇µ log
√
|g|)T µν +
√
|g|
∫
ΠxU
pνpµ∇µf dp
123
−p0 +
√
|g|
∫
ΠxU
f ∇µ
(
pµpν
−p0
)
dp123
.
= σ
∫
ΠxU
pν∂pi
(
δij + pipj√
1 + |p|2
)
∂pjf dp
123,
where the symbol
.
= means that the equality holds at x ∈ U in the coordinates x˙µ.
Integrating by parts in the last integral we conclude that (19) holds at x in the coordi-
nates x˙µ and therefore in any other coordinates. The proof of (18) is similar. Finally
by (18)-(19) the analog of equation (10) holds
∇µ∇νT µν = 0. (20)
4 Coupling with the Einstein equations
In this section I will address the main question of this paper, which is how to couple
the Fokker-Planck equation to the Einstein equations
Rµν − 1
2
Rgµν = Tµν . (21)
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By the Bianchi identity ∇µ(Rµν − 12gµνR) = 0, the energy momentum tensor must sat-
isfy ∇µTµν = 0, otherwise solutions of the Einstein-matter system cannot exist. Since
for solutions of the Fokker-Planck equation (14) the energy-momentum tensor (16) is
not divergence free, it is then meaningless to use the tensor (16) in the right hand side
of (21). This incompatibility can be solved by assuming that there exist other matter
fields in spacetime6. The role of these additional matter fields is similar to that of the
thermal bath in the theory outlined in section 2. Let Tµν denote the energy-momentum
tensor of the additional matter fields and consider the Einstein equations
Rµν − 1
2
Rgµν = Tµν + Tµν . (22)
Now the Bianchi identities imply, using (19),
∇µTµν = −3σJν . (23)
As a way of example, consider a system of particles undergoing diffusion in a perfect
fluid. In this case the tensor Tµν is given by
Tµν = (ρ+ p)uµuν + p gµν ,
where ρ is the rest frame energy density, p the pressure and uµ the 4-velocity of the
fluid. Projecting (23) in the direction of uµ and onto the plane orthogonal to uµ we
obtain
∇µ(ρuµ) + p∇µuµ = 3σJµuµ, (24)
(ρ+ p)uµ∇µuν + uνuµ∇µp+∇νp = −3σ
(
Jν + uν(Jµu
µ)
)
. (25)
For σ = 0 (i.e., when the particles and the fluid are not interacting), the previous
equations reduce, respectively, to the continuity equation and the Euler equation of a
perfect fluid in general relativity, see [29].
An alternative solution to the incompatibility of equations (14) and (21) is to modify
the left hand side of the Einstein equations by adding to it a new tensor term Kµν .
Although this solution is formally equivalent to the previous one (by setting Tµν =
−Kµν), it is important to distinguish their physical meaning. The simplest choice for
Kµν is the cosmological scalar field term
Kµν = φgµν , (26)
where φ is a scalar field7. This choice leads to the following modification of (21):
Rµν − 1
2
Rgµν + φgµν = Tµν .
The evolution equation for φ resulting from (19) is
∇µφ = 3σJµ. (27)
6The same hypothesis is introduced in the so-called gravitational aether theories, see [23] and the refer-
ences therein.
7In quantum fields theory it is customary to interpret φ as the vacuum energy.
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In the absence of diffusion, φ is constant. In this case the model reduces to the Einstein-
Vlasov system with cosmological constant.
In the rest of the paper we shall focus on the cosmological scalar field model, since
it provides a simple and yet physically interesting framework to study the effects of
diffusion on the dynamics of spacetime and matter.
By (27), diffusion in a scalar field is only possible when Jµ is irrotational:
∇µJν −∇νJµ = 0. (28)
The previous equation imposes a rather severe restriction on the solution f of the
Fokker-Planck equation (14), which makes the question of existence of solutions a
highly non-trivial task. An important example where (28) holds is the class of spatially
homogeneous and isotropic spacetimes, which are the most popular models for the
universe in cosmology. Cosmological models in this class are studied in the next section.
By defining the (average) 4-velocity of the matter as
uµ =
Jµ√−JαJα
,
and using (27) we obtain
uµ∇µφ = −3σ(−JµJµ)1/2. (29)
It follows by (29) that the cosmological scalar field φ is decreasing along the matter
flow. Hence the model under discussion predicts that the particles gain energy by
diffusion and that this energy is provided by the cosmological scalar field φ. Moreover
it follows by (20) that the cosmological scalar field φ satisfies the homogeneous wave
equation:
✷φ = 0, ✷ = ∇µ∇µ. (30)
This implies in particular that the energy-momentum tensor of φ,
Sµν = ∇µφ∇νφ− 1
2
gµν∇αφ∇αφ (31)
is divergence free:
∇νSµν = 0. (32)
Therefore the cosmological scalar field propagates throughout spacetime in form of
waves without dissipation.
5 The spatially homogeneous and flat isotropic
cosmological model
The purpose of this section is to study the qualitative behavior of spatially homogeneous
and isotropic solutions of the system
Rµν − 1
2
Rgµν + φgµν = Tµν , (33)
pµ∂xµf − Γiµνpµpν∂pif = σDpf, (34)
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where Tµν is given by (16). In this application, the particles undergoing diffusion
represent the galaxies.
The symmetry assumption means two things. Firstly that there exist six Killing
vectors fields XA, A = 1, . . . 6 on spacetime, whose orbits are spacelike hypersurfaces.
Secondly that the distribution function f satisfies X˜Af = 0, where X˜A, A = 1, . . . 6
are the lifts over the mass shell of the Killing vectors XA. Under the given symmetry
assumptions, the metric can be written in the standard form
ds2 = −dt2 + a(t)2
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdφ2)
]
,
where k = 0 or ±1 is the curvature parameter of the hypersurfaces t = const. As
proved in [25], the symmetry assumption on the distribution function restricts f to be
of the form f = F (t, q), where q = (p21 + p
2
2 + p
2
3)
1/2. In particular, the 4-current Jµ
and the energy momentum tensor Tµν take the form
Jµ = (n, 0, 0, 0), Tµν = diag(ρ,P,P,P),
where the total number of particles n is given by
n(t) =
4pi
a(t)3
∫
∞
0
F (t, q)q2dq,
while the energy density ρ and the pressure P are given by
ρ(t) =
4pi
a(t)4
∫
∞
0
q2F (t, q)
√
a(t)2 + q2dq, (35)
P(t) =
4pi
3a(t)4
∫
∞
0
q4F (t, q)√
a(t)2 + q2
dq. (36)
Observe the inequalities
ρ(t) ≥ n(t), P(t) ≤ 1
3
ρ(t),
the second one being equivalent to (17) under the assumptions of spatial homogeneity
and isotropy. To write the Fokker-Planck equation it is more convenient to use the
coordinates p1, p2, p3, rather than q. Setting F (t, q) = f(t, p1, p2, p3), eq. (34) simplifies
to
∂tf = ∂pi
[(
a(t)2δij + pipj
p0
)
∂pjf
]
, (37)
where
p0 =
√
1 +
p21 + p
2
2 + p
3
3
a(t)2
.
Note that in the Minkowski case (a ≡ 1), (37) reduces to (8) in the spatially homoge-
neous case.
The cosmological scalar field is a function of t only and the equation (27) becomes
φ˙ = −3σ n.
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The local conservation of the number of particles, eq. (18), implies
n(t) =
n0a
3
0
a(t)3
,
where a subscript 0 stands for evaluation at t = 0. Denoting ω0 = 3n0a
3
0 > 0, the
equation for φ becomes
φ˙(t) = − ω0σ
a(t)3
. (38)
Note that the equation for φ contains only matter terms evaluated at time t = 0. This is
a general consequence of the fact that φ satisfies the homogeneous wave equation (30).
From now on I shall restrict the discussion to the spatially flat case k = 0. In this
case it is possible to introduce “cartesian” coordinates such that the metric takes the
form
ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2)
and a0 = 1. The Einstein equations are
3
(
a˙
a
)2
− φ = ρ, −2 a¨
a
−
(
a˙
a
)2
+ φ = P.
It is convenient to rewrite them as
H˙ =
1
3
φ− 1
6
(ρ+ 3P)−H2, (39)
H2 :=
(
a˙
a
)2
=
1
3
(ρ+ φ), (40)
where H = a˙/a is the Hubble function.
Initial data at t = 0 for the system (35)–(40) consist of H0 = H(0), φ0 = φ(0)
and 0 ≤ F0(q) = F (0, q) = f0(p1, p2, p3) ∈ C2(R3), such that ρ0 is bounded and the
Hamiltonian constraint (40) is satisfied at t = 0. It will be assumed that H0 > 0,
since this is the most interesting case for the applications (the universe is currently
expanding). It will also be assumed that f0 does not vanish identically, since otherwise
the only solution is vacuum. It follows from (40) that for admissible initial data the
value of φ0 is determined by the initial data H0 and f0 through the Hamiltonian
constraint
φ0 = 3H
2
0 − ρ0. (41)
Finally, φ0 will be identified with the present observed value of the cosmological con-
stant. In particular, the case φ0 ≥ 0 is the most interesting for the applications. Since
it is an ubiquitous quantity in cosmology, I shall also use
Ω0 =
ρ0
3H20
= 1− φ0
3H20
, (42)
together with the following additional Hubble-normalized constants:
N0 =
n0
3H20
, Σ0 =
σ
H0
. (43)
Using (40), eq. (39) becomes H˙ = −(ρ+P)/2; in particular H is always decreasing
and the following two possibilities may occur:
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1) Either H remains positive for all times, or
2) H vanishes at some time t∗ > 0.
In the first case the universe is expanding forever in the future, in the second case it
collapses into a singularity in finite time. Which of the two possibilities occurs depends
on the initial value of the cosmological scalar field φ. If φ0 > 0 is such that φ remains
always positive, then, by (40), H remains positive as well. On the other hand, if φ
vanishes at some time t¯, then by (39), H˙ ≤ −|φ|/3−H2, for t > t¯ and therefore H will
become zero at some time t∗ > t¯. After this moment, the Hubble function continues to
decrease until it diverges to −∞ at some finite time t∗∗ > t∗, and a(t)→ 0 as t→ t∗∗.
Since φ is decreasing, future collapse in finite time occurs when φ0 ≤ 0. In particu-
lar, even though the initial value of φ0, i.e., the present observed cosmological constant,
were vanishing, the model under study still predicts future collapse into a singularity
in finite time. Even more remarkable is that the same conclusion holds if φ0 is positive
and small. In fact it will now be shown that if
0 < φ0 <
n0σ
H0
, (44)
then φ becomes zero in finite time. To see this, suppose on the contrary that φ > 0 for
all times. Since H is decreasing we have
a˙(t) = Ha(t) ≤ H0a(t).
Gro¨nwall’s inequality8 now gives
a(t) ≤ eH0t. (45)
Combining (45) with (38) we get
lim
t→+∞
φ(t) = φ0 − ω0σ
∫ +∞
0
ds
a(s)3
≤ φ0 − n0σ
H0
,
which is negative under assumption (44). Whence φ must vanish at some time t¯ ∈
(0,+∞), a contradiction to the hypothesis that φ was always positive and the claim is
proved. Note also that by (41), and using the Hubble normalized variables (42)-(43),
the condition found for future collapse in finite time (including φ0 ≤ 0) can be rewritten
as
Ω0 > 1−N0Σ0,
which is satisfied by all admissible initial data when the diffusion constant is sufficiently
large:
Σ0 ≥ N−10 .
For Σ0 = 0, the model reduces to the Einstein-Vlasov system with cosmological con-
stant Λ = φ = const and the condition for future collapse in finite time becomes Ω0 > 1,
which is equivalent to Λ < 0. The latter condition is optimal, since the Einstein-Vlasov
8See [16].
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system with non-negative cosmological constant in a flat Robertson-Walker geometry
is forever expanding in the future for all initial data.
Next I will show the existence of initial data for the cosmological scalar field for
which φ, and therefore H, remains positive for all times, i.e., the universe is forever
expanding in the future. By what has just been proved, this can only happen if
σ < 3H30/n0, i.e., Σ0 < N
−1
0 . The following argument requires a stronger bound on σ,
precisely
σ <
H30
n0
, i.e., Σ0 < (3N0)
−1, (46)
which will be therefore assumed from now on. Thanks to (46) we can choose
φ0 ≥ 3n0σ
H0
, i.e., Ω0 ≤ 1− 3N0Σ0. (47)
By continuity, there exists 0 < t¯ ≤ +∞ such that φ(t) > 0 on [0, t¯) and if t¯ were finite
we would have φ(t¯) = 0. Our goal is to prove that t¯ = +∞. Using the bound P ≤ ρ/3
and that H is decreasing on [0, t¯), we obtain
H˙ =
1
3
φ− 1
6
(ρ+ 3P)−H2 ≥ 1
3
φ− 1
3
ρ−H2
=
2
3
φ− 2H2 ≥ −2H2.
It follows that
H(t) ≥ H0
1 + 2H0t
⇒ a(t) ≥ a0(1 + 2H0t)
1
2 ,
for all t ∈ [0, t¯). Then from (38) we obtain
φ(t) = φ0 − ω0σ
∫ t
0
ds
a(s)3
> φ0 − 3n0σ
H0
.
Assuming t¯ < ∞, assumption (47) entails φ(t¯) > 0, a contradiction, and therefore
t¯ = +∞ must hold. Moreover, if the strict inequality holds in (47) our model behaves
like a perfect fluid Robertson-Walker model with negative spatial curvature (k = −1),
since H never vanishes, not even asymptotically.
To summarize:
• Future collapse in finite time takes place for all admissibile initial data when
Σ0 ≥ N−10 and for Ω0 > 1−N0Σ0 when Σ0 < N−10 .
• Unlimited future expansion takes place for initial data such that Σ0 < (3N0)−1
and Ω0 ≤ 1− 3N0Σ0.
More accurate estimates than those presented in this section are required to cover the
full range of initial data. Numerical simulations may also provide a useful insight to
the problem.
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6 Summary and final remarks
In this paper a new model to describe the dynamics of particles undergoing velocity
diffusion in general relativity has been proposed. The main goal was to understand
the influence of the diffusion forces on the large scale dynamics of the galaxies in the
universe, in the approximation where each galaxy can be represented by a particle of
the system.
The dynamics of the particle system was described through the kinetic distribution
function f , which was assumed to satisfy a Fokker-Planck equation without friction
on the tangent bundle of spacetime. In the absence of diffusion, the Fokker-Planck
equation reduces to the Vlasov equation in general relativity.
Since the energy momentum tensor associated to a solution of the Fokker-Planck
equation is not divergence free, the coupling with the Einstein equations is inconsistent.
Two solutions to this problem have been proposed: Either assume the existence of
additional matter fields in spacetime, or modify the Einstein equations. This paper
explored in some details the case in which a cosmological scalar field is added to
the left hand side of the Einstein equations, providing a natural generalization of the
cosmological constant theories. It has been shown that diffusion changes drastically
the qualitative properties of even the simplest cosmological models, namely the flat
Robertson-Walker spacetimes.
The paper cannot be concluded without a few comments on the physical limita-
tions of the models presented here. First of all it should be emphasized (once again)
that diffusion is not a fundamental interaction, but rather an approximation for the
dynamics of two particle systems, one of which is dynamically dominant on the other.
While in the Newtonian and special relativistic diffusion theories the dynamics of the
“dominant component” can be broken apart from the dynamics of the other “weak
component”, the latter being therefore relegated to a background thermal bath, in
general relativity this approximation is consistent and some interaction between the
two components must always be taken into account. The next best “diffusion approx-
imation” consists in assuming the simplest possible dynamics for the thermal bath, as
the cosmological scalar field theory developed in this paper. However it seems that
the only theoretical way to justify a specific model for the thermal bath is by deriving
the diffusion approximation model from a (still unknown) fundamental theory for the
interaction of the two particle systems.
A final comment on the diffusion models introduced in this paper is that they lack
of an action principle formulation, which is again due to their phenomenological, rather
than fundamental, nature.
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